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Abstract. We produce formulas, permiting to find the coefficients of Taylor-series ex- 
panded of some important solution of the Gelfand-Dikii hierarchy. By the Witten con- 
jecture these coefficients are numbers of intersection of Mumford-Morita-Muller stable 
cohomological classes of moduli space of n-spin bundles on Riemann surfaces with punc- 
tures. 
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1. Introduction 

The n-Gelfand-Dikii hierarchy (n-K<9V hierarchy) usually is described in term of formal 
pseudo-differential operators. Consider functions Uj = Uj(x) (j = 0, . . . ,n — 2) of infinite 

number of variable x = (xu %2i )• Let us di = -J^-, d = d\ and L = d n + u n -2d n ~ 2 + 

■ ■ - + uid + UQ. Denote by L« the pseudo-differential operator such that (L^) n = U . Let 
[L™]_|_ be its differential part. Then the n-Gelfand-Dikii hierarchy [GD] is the system of 
differential equations on Ui, which follow from infinite system of equations 

3 % L= [[Li] + ,L] (z = l,2,...). 

Any solution (uq, . . . , « n -2) is generated by a function v(xi, X2, ■ ■ ■)■ Among these 
solutions there exists a remarkable solution W, which satisfies the string equation, gen- 
erates a vacuum vector of VF-algebra and has a representation in a form of matrix inte- 
gral [AM]. We call it Witten's solution because according to the Witten conjecture the 



function F(xi, X2, £3, . . . ) = W(x\, ^f, . . . ) is the generating function for numbers of 
intersection of Mumford-Morita-Muller stable cohomological classes of moduli space of 
n-spin bundles on Riemann surfaces with punctures [W]. This conjecture was proved by 
Kontsevich for n = 2 [Ko] and by Witten himself for surfaces of genus [W] . 

In this paper we find recurrence relation between coefficients of Taylor series of W. 
This reduces the Witten conjecture to conjecture that n-spin Mamford-Morita-Muller 
numbers satisfy to the same relations. These relations give also an algorithm for calcula- 
tion of n-spin Mamford-Morita-Muller numbers in assuming that the Witten conjecture is 
true. Moreover we prove that F(x\, X2, • ■ • , £ n _i, 0, 0, ... ) = W(x\, 4f, . . . , ^fj, 0, 0, ... ) 
and thus the Witten conjecture is true for numbers (cd(i/), M' s ) in notation [W]. 

oo 

We prove also that the solution W has a representation W = Yl W g ', where W 9 are 

g=0 

quasihomohenious series of degrees (1 - g){2 + ^). This is some indirect corroboration 
of the Witten conjecture because according to [W] the function F has a representation 

oo 

F = F 9 ', where F 9 are quasihomohenious series of degrees (1— g)(2+-), corresponding 

9=0 

to surfaces of genius g. 

We prove that W (x\, . . . , x n -i, 0, . . . ) = W(x±, . . . , x n -i, 0, . . . ) and therefore 
F°(xi, . . . , x n -i, 0, . . . ) = F(x±, . . . , x n -i, 0, . . . ). Last function is polynomial solution 
of WDVV equations. Some simple formulas for calculation of this solution was found in 
[N2]. 

Organisation of the paper is as follow. In sect 2-4 we following by [DN, Nl] represent 
KP hierarchy as a system of differential equation for v = — lnr. In section 5 we prove 
that the n-hierarchy of Gelfand-Dikii is equivalent of a system of differential equations in 
a form 

dn---d ik v=f^N™... i f S t 1 i \Ad Sl d^v---d Sm d[-v } (1.1) 

m=l ^ ' 

where ij,U ^ l.Si < n and NY 1 ,• ( f 1 ' ' ' f m ) are rational constants. 
J %1 ' ' k \ h ... t m J 
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In section 6 we investigate the Witten solution W of the system (1.1). 
The author thanks B.A.Dubrovin for fruitful discussions. 



2. Combinatorial lemma 



For natural s,i\,...,i n and integer not negative ji,...,j n defind P s 
recurence formulas: 
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for (ji,...,j„)^(0,...,0) 

. jl ■■■ jn 

permutation of columns. Let 
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- 1 C .h+-+j n (Jl + ---+Jn)! 



n! 



_ ^rJq+lH 



lH hjV. 
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be the set of all matrices, which appear from 



n 
ji 



Jn 



Jl ■■■ Jn 

be the number of such matrices. Put us 



by 



Ji 



1-n 
Jn 



ai 
1 6i 



where the sum is taken by all 



ai ... a r 
6i ... b r , 



ji 



Lemma 2.1. Let m > 0, /c > and j n ^ 1 for n ^ m. Then 



Ji 



jm 



0, if s ^ i ± + ... + i m + ji + ... + j m , 



i_ 



1m+l 
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Jm 



lm+k 





if s < h + ... + i m + ji + ... + j r 



Proof: Prove at first the lemma for m = 1 using induction by k. For m = k = 1 



3i 



o 



s-(ii+ji) ' 2 

0, 

C^ 1 = P, 



+ IC? - P s 



r<0 — nh _ njin Q 



h 



if s ^ h + ji, 
, ifs<H+ji. 



Prove the lemma for m = 1, k = N, considering that it is proved for m = 1, k < N. If 
s ^ H + jii then 
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Thus the lemma is proved for m = 1. 

Prove the lemma for m = N considering that it is proved for m < N . Then 
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if S < h H Mm + Jl H h jm-D 
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3. Equations for the Bacher-Akhiezer function 

Consider the KP hierarchy. This is a condition of compatibility of the infinite system of 
the differential equations 



dip 



(3.1) 



where 



and ip is a function of type 



L n — 



QT 



QT 



dx? ' ^ n ^'d n ~ l xi 



[X 



iP(x,k) =exp(^x,^)(l + ^^/c- 1 ), 



i=l 



(here G C belong to some neighbourhood of oo and x = (xi,X2,---) - - is a finite 
sequence) . 
Put us 



di = ^— , d = di. 

OXi 



A direct calculation gives 



Lemma 3.1. Conditions of compatibility of (1) are 



t-i 



t-i t-j-i 



(3.2) 



n-\-i— 1 n n—k 

j = l fc=2 j=0 



(3.3) 



In this case tp is called a Bacher-Akhiezer function. 
Consider now the function 

oo oo 

\nip(x,k) = £^ Xj y + £^ r]jk~^ , 

3=1 3=1 

where 



n=l iiH Hn=j 



Lemma 3.2. Let 2 < t < s. Then 



n=l x 7 

where the second sum is taken by all matrices . n I such that i m ^ l,j m ^ 1 



and «H h z n + ji H h j n = £. 



Proof: An induction by t. For t = 2 according to (3.2), B 2 S = —sd^i = —P s (\)dr]i. Prove 
the lemma for t = N considering that it is proved for t < N. According to (3.2) 



t— 1 oo 



i=l n=l liH \-i n —t— i 



t — 1 oo ✓ . . x 

+E(E E p.(i - J-W ••■*-*.)• 

t-j-1 oo 

■(E C ^(E^ E . *.■••*.)) = 



i=0 n=l iiH \-i n =t— i— j 

■oo 



= -EE(^' 



(j'l+-"+in)! 



Fl 'b"i ••• jJ(n- g )! C -(*i+-*^+-+i«) j fl+ i!...j„! r ' ; ' d ,/ " 

=-ee<;-; ::: y^---^ 

where the second sums are taken by all matrices . n such that iH \-i n + 



,Ji ••• Jr. 

ji + • ■ • + j n = t, i m ^ 1, j m ^ 0. According to lemma 2.1 it is possible to consider that 
in the last sum j m > for all m. □ 

Lemma 3.3. 

n=l x ' 

where the second sum is taken by all matrices I . n such that z m ^ l,j m ^ 1 



Ji • • • Jn 



and H H h i n + j 1 H \-j n = r + s. 



Proof: An induction by r. According to (3.3) and lemma 3.2 for r = 1 

oo s s — k 

d sVl = <u. = ci&ui-j + E B i E cf-fc^ei+.-.-fc = 



i=i fc=2 j=0 

oo oo 



S OO OO / . \ 

Ecj8W,-E(E E ^0; IrW ••■*-*.)■ 

J=l fc=2 n=li 1+ ...+j„=fc ' ' 

S — fc OO ✓ . . x 

•(E r :' '•) EE 7 ' (.•; ;;; y^---^„, 



j=0 n=l 

where the second sum in the last formula is taken by all matrices ( % } ' ' ' %n | such 
that i\ + • • • + i n + ji + • • • + j n = s + 1, i m ^ 1, j m ^ 0. According to lemma 1 in this 
sum it is sufficient consider only matrices, where j m > for all m. 

Prove now the lemma for r = N, considering that it is proved for r < N. According 
to (3.3) 

s+r — 1 oo s — k 



d s 



(E k\ E '/' i ' ' ' '/',, ^ E + E B " E cJ-^Wi-*- 

n=l ' iiH hi„=r J = l k=2 j=0 



Thus according to lemma 3.2, lemma 2.1 and inductive hypothesis, 

oo oo 1 



j = l n=l ^i n=s +r-j 



+e( e /ft ::: £>*■*.•■■*-*.)■ 

fe=2 nH Y] n =k 

'—k o: | x | 

•E^-^tE^ E E %---^) = 

j=0 n=l i x H ^i n =r+s— j — k n=2 ii H Hn=r 

=EE^ft ::: 

n=l x ' 

where the second sum in the last formula is taken by all matrices ( % } ' ' ' %n | such 

\Jl ■■■ JnJ 

that %\ H V i n + j 1 H h j n = s + r, z m > 1, j m ^ 1. □ 

4. KP hierarchy 

According to [DKJM] the Bacher-Akhiezer function ip is 

■0 (x, /e = exp > XjK J ) ; r — 

r(xi,X2 J X3 J ...) 

for some function t(x±, X2, ■■■)■ By analogy of [Nl] this gives a possibility to describe 
the KP hierarchy as an infinite system of differential equations on v(x, k) = — lnr(x, k). 
Really 

oo oo ^ 

rijk~i = lnip(x, k) — Xjk-' = —v(xi — fc -1 , £2 — — 2 , ...) + f (x) = 



(-!)«+ ] 



Therefore 



n=l h««=j 



* = E E jfc;*. (") 

n=liiH h« n =r 



Theorem 4.1. There exist universal rational coefficients 



D / Sl ... S n \ d /Si • • • S n 
^ l *1 ... trJ'Mtl ••• *n 



sucii that 

^ = ^+EE^(' 1 1 ^Wa* 1 *--^^ (4.2) 

n=l v 



n=l ^ ' 



(4.3) 



where tie second sums are taken by all matrices ( f 1 ' ' ' * n ] sucii that s m ,t m ^ 1, 

\ *1 • • • *n / 

and the sum si H + s n + ti + Yt n is equal r for (4.2) and i + j for (4.3). 

Proof: An induction by k and % + j. For i + j = 2 the theorem is obviously. For r = 1 
it follows from (4). Prove the theorem for i + j = N and r = N — 1, considering that 
it is proved for % + j < N and r < N — 1. Later we consider that s m ,t m ^ 1 and 
On = si + • ■ ■ + s n + t\ + ■ ■ ■ + t n . Then according to (4.1) and (4.3) 

\n+l 



-d r v + Y] V — <9 Sl ■■■d Sn v(x) = 



1]r , , 

r n\s\---s n 

n=2 Sl + -+s„=r 



n=l cr„=r 

Thus according to (4.2), (4.3) and lemma 3.3 



n=l cr„=j 1 ' 

n—l <r n =i+j 



oo / \ 

-^(ee^u; :;: s t n n )^d si v.d^ dsn v) 

n=l <r n =j ^ n ' 



n=l SiH |-s„+n=2+j x 7 

n=l a n =i+j,t!-{ ht«>n ^ ' 

Remark 4.1. The system (4.3) was at first deduced in [DN]. The set of its solution 
bijectively correspond to the set of solutions of (3.1). Up to a constant formal solution of 
(4.3) is defined by an infinite set of functions of one variable fi(xi) = diV \ X2 = X3 =...=o (i = 
1,2,...). 

Remark 4.2. The algorithm described in the proof ot theorem 4.1 gives an algorithm for 
calculation of all rational constants R i3 ^ ^ ' ' ' ^ m ^ . The first equations of hierarchy 
(4.3) are: 

3\v = - \d A v + 2(d 2 v) 2 , (4.4) 

3 3 
d 3 d 2 v = -d^dv — -d2d 3 v + 3d2dvd 2 v, 

d 2 v = -d 5 dv - d 3 d 3 v + -d 6 v + 3d 3 dvd 2 v + -(d 2 dv) 2 - 3d 4 vd 2 v - -(d 3 v) 2 + 3(d 2 vf. 
5 '5 4 4 

The equation (4.4) is KP equation twice integrated over x\. 

Theorem 4.2. If + 1) = 1 (mod 2), then R tJ ( Sl "' Sm j = 0. 

\t\ ... t m J 

Proof: The equations of KP-hierarchy are equivalents of equations on function r[x) 
[DKJM]. All these equations can be written simply by means of the "bilinear Hirota 
operators". We recall the definition of them. If f(x) is a function of one variable, then 
for any polynomial (or power series) Q the action of the Hirota operator Q(D x )f(x) ■ f(x) 
is defined by 

Q(D x )f(x) ■ f{x) = Q(d y )[f(x + y)f(x - y)] y=0 . 

For functions of several variables the definition is similar. The generating function for 
the equations of the KP hierarchy has the form 

oo oo 

J2Pj(-2y)Pj+i(D)exp(J2yiDi)T ■ r = 0, (4.5) 

j=0 i=l 
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where y = (y±, y2, ■ ■ ■ , ) are auxiliary independent variables, D = (Di, 2 -1 I?2, 3 _1 il>3, . . . ), 
Dj is the Hirota operator in the variable Xj and pj are the Schur polynomials defined 
from the following expansion: 

oo oo 

exp(^2xjk J ) =^2k J p j (x 1 ,...,x j ). 

j=l j=0 

All monomials of odd degree give trivial Hirota operators. Therefore if t(x) is a 
solution of (4.5), then r(x) = r(—x) is also solution of (4.5). Moreover, according to 
[DN] a function r is a solution of the system (4.5) if and only if v = — ln(r) is a solution 
of the system (4.3). Thus, v(x) is a formal solution of the system (4.3), if and only if 
v(x) = v(—x) is a formal solution of the system (4.3). This is equivalent of the affirmation 
of theorem 4.2. □. 



5. Gelfand— Dikii hierarchy 

According to [S] the set of solution of n-Gelfand-Dikii hierarchy bijectively correspond 
to the set of nondepending from x n solutions of KP hierarchy. In this case according to 
theorem 4.1 

OO , s 

= d m d n V= ™ U - 9 n+m -^+VVi4n I 8 . 1 S , m )d Sl d^V-d Sm d t -V, 
771 + 71 — 1 \ tl • • • tm / 

m=l x ' 

where 1 < sj ^ n + m — 2, t 3 ^ 1. This gives recurrence formulas expressing dfc<9?; for 
k > ri via d r dv for r < n. Thus we have relations 

^n+^f^A^^ 1 ^Wa^...^^, (5.1) 

m=l ^ ' 

where tj ^ 1, < n, Y^j=i{ s 3 + A?) = w + r + 1. 
Example. For n = 2 the system (5.1) passes to KdV hierarchy. 
Compering the systems (5.1) and (4.3) we find the system 

^ v =EE jv ?(j 1 1 ^W^---^^, (5.2) 

m=l ^ ' 
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where i,j ^ 1, 1 ^ s a ^ n - 1, * a ^ 1, £™ i(*a + t a ) = % + j and N% (J* ^ 

are some universal rational coefficients. 

Examples. 

1. For n = 3 the first equation from the system (5.2) is the Boussinesq equation 

d\v = --d 4 v + 2(d 2 v) 2 . 
3 

2. For n = 4 the first equations of the system (5.2) are 

d 2 v = \d z dv - \d A v + 2(d 2 v) 2 , 

d 3 d 2 v = -^d 2 d 3 v + 3d 2 dvd 2 v, 

d 2 v = -]d 3 d 3 v + ld 6 v + l(d 2 dv) 2 - l(d 3 v) 2 - -d A vd 2 v + 3(d 2 v) 3 .D 
4 8 8 8 4 



Theorem 5.1. The Gelfand-Dikii hierarchy is equivalent to a system of differential 
equations in a form 

d h ---d ikV =j2 e N ^( s ti j™)^^---^^, (5.3) 

m=l ii--i fc ^ m 

where k ^ 2, tj > 1, Sj < n, Y^j=i ij = X!jli( s j + Sj=i tj^m + k-2 k + m + 

Proof: For k = 2 the equations (5.3) coincide with the equations (5.2). For k > 2 
the equations (5.3) are received from equations for k — 1 by differentiation by di k and 
replacing didi k v by (5.2). This gives monomials d Sl d tl ■ ■ ■ d Sm d tm v, where the X^=i h = 
+ tj) Y^JLi tj ^ m + k — 2. The condition k + m + Ej=i tj = 0(mod2) follows 
from theorem 4.2. □ 

Remark 5.1. Structure of the system (5.3) such that its formal solutions are defined up 
to constant by arbitrary set of n — 1 series from one variable fi(xi) = diV \ X2=X3= ...=o (i = 
l,...,n-l). 
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Remark 5.2. Coefficients NJ? „■ I , , m I are rational constants. The construc- 



\ fc l • • • 'm 

tions, described in the proofs of theorems 4.1 5.1, give recurrent formulas for its calcu- 
lation. 

6. Witten solution of the Gelfand— Dikii hierarchy 

Follow by Witten [W] let us consider the space M g ^ s of Riemann surfaces of genus g with 
s punctures. Correspond to any puncture a pair (ki,rrii), where 1 ^ ki < n, rtii ^ 
0. Witten [W] connects with the set {(ki,rrii)\i = l,...,s} a number (correlator) < 
li T km > 9' wnere dk,m is the number of pairs (ki, m t ), that equal to (k, m). The number 

k,m 

< II ^km > g * s e q ua l s to the value of some class of cohomology on a compactification 

k,m 

of a space of n-spin bundles over P e M 9jS [W]. Put us 

F% ! t 1 , lr ..)=^<nr£r> 5 nfi. 

j , , u k,m- 

dk,m k,m k,m 

oo 

According to the Witten conjecture the serias F = F 9 after the change tk, m l_ > 

g=0 

— (mn + k)x mn+ k pass to a formal solution v of the system (5.3) satisfying the equation 

^ oo 

dv = - ^ ijXiXj + + n)x i+n diV, (6.1) 

i+j=n i=l 

= v(0) = div(0) (i = 1,2,...)- 
The single such solution VT" we call the Witten solution of the Gelfand-Dikii hierarchy. 

oo 

Theorem 6.1. The Witten solution of the Gelfand-Dikii hierarchy is W = W 9 , 

9=0 

where 



k=2 i 1+ ... + i k = ( n +l)(2g-2+k) 
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W 9 ( Xl ,x 2 ,...) = 

2g-2+k 

k\ ^ii-ik \ 2 ... 2 " lfe ' 



Moreover the function W 9 is a quasihomogeous series of degree (1 — g)(2 + ^) by Xi of 
degrees ! + 



Proof: Compatibility of the equations (5.3) (6.1) follows from [AM], where this solu- 
tion is represented in a form of matrix integral. According to (6.1) ddiW\ X2=X3= ...=o = 
6 n -ij(n — l)xi. These conditions and the equations (5.3) uniquely determine all func- 
tions f il ... ik (x 1 ) = d h ■■■d ik W\ X2=X3= ... =0 . According to theorem 5.1 if /^...^(O) ^ 0, 
that {i\ H + i k ) =0 (mod(n + 1)) and 

/ ll ..., fe (o) = (n-iriv-.. lfc ( n 2 1 n ~ 2 l ), 

where m = n + n+ V k • From this theorem follow also that m ^ k — 2 k + m = (mod2). 
Therefore m = 2g + k — 2, where g ^ is a natural number. Thus, W = W 9 , where 

oo ^ 

W 9 (x 1 ,x 2 ,...) = Yl -jjfii-i k ( Q ) x ii ■■■ x i k = 

k=2i 1 + ---+i k = (n+l)(2g+k-2) 



l 1 «' I I A . (it-. I 1 VOn It O \ \ / 



X H ' ' ' X ik ■ 



k=2 i 1 + ...+i k = ( n +l)(2g+k-2) 

The quasihomogeneity of the series W 9 follows from i x H h ifc = (n + 1) (2(7 — 2 + k). □ 

Corollary 6.1. The Witten solution of the Gelfand-Dikii hierarchy has a representation 
by the sum of quasihomogeneous series W 9 of the same degrees that F 9 . 

Proof: According to [W] F 9 is a quasihomogeneous series of degree (1 — g)(2 + ^) by tk, m 
of degree 1 + - — k — —. □ 

° n n 

Theorem 6.2. The functions W and W° coincide on the set L = (x±, x 2 , . . . , x n -i, 
0,0,...). 

14 



Proof: According to (6.1) d r d(W = on the set L if £ < n — 1, r > 1, or £ = n — 1, r > 2. 
Besides according to (5.1) 

m=l 



W 



here J2( s i + ^) = w + + 1. Thus, if £ < n and dd n+ (W ^ 0, that all numbers t,- are 



i=l 



less than 3 and among them is not two number more than 1. But if among the numbers 
1 ^ t m ^ 2 there is exactly one tj = 2 then N™ (n+l) (J 1 " ' J m = by 



theorem 5.1. Thus, 

m=l ^ ' ' ' ' 

Moreover, according (6.1) dgW = dd n+ iW and d s dW = s(n — s)x n - s on the set L . 

m 

Thus from the equality Yl ( s i +U) = n + £ + 1 follows that dgW\L is a quasihomogeneous 

i=l 

polynomial of degree 2+^ — (1 + ^ — ^) = 1 + ^ + ^. Thus, W\l is a quasihomogeneous 
polynomial of degree 2 + | VF|l = W°| £,(,-□ 

Corollary 6.2. F(x 1} x 2 , . . . , x n _ 1} 0, 0, . . . ) = W(x u f , f , . . . , 0, 0, . . . ). 

Proof: According to [W] F°(xi,X2, ■ ■ ■ ) = W°(xi, . . . ) and F(xi, x 2 , . . . , x n -i> 0, 

0, ...) = , a^2, • • • , x n _ i, 0, 0, . . . ). Thus the theorem 6.2 imply corollary 6.2. □ 

Remark 6.1. According to [DVV, Kr] the function VF°|z /o is the potential of Frobenius 
structure on the space of versal deformations of the singularity A n . By theorem 6.2 we 
have W /0 |l = W\l - A simple algorithm of calculation of this function describes in [N2]. 
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